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1. PRELIMINARIES

1.0. Introduction

LCPL is a vresram for solving Linear Complementarity Problems
by Lemke's method. It supersedes the "NULEMKE" code issued by SOL in
1974. Considerable care has been taken to make the cole as robust as
possible. 1t employs more error checking and correction facilities,
recovery procedures and more diagnostics than the earlier code. Scaling
facilities are provided for tadly formulated or ill-ccuditioned models.
There is also a much larger and more flexible set of paraneters whicn
can be set by the user, though in general the default values will be
satisfactory.

This document gives only a description of the use of the code
in distributed form. The program itself, arnd the procedures for chaneing
it to solve problems of larger dimension etc., are described in the
"Programmers Guide for LCPL."” We note here, however, that the program

is all in FORTRAN H for IBM 360/370 computers and is WATFIV compatible.

1.1. The Linear Complementarity Froblem

An ICP is a problem of the form:

:
3 {
- Find w ard 2z such that % |
. *
P
T §
b w=gq+ M, wz=0, ¥, 2>0 (1) H
; 1 £
;
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In general M 15 required to have some specisl property, such as positive
cami-definlteness, for the problem to have a solution, or more concretely,
to be solvable by Lemke's method as implemented in LCPL.

Problems of type (1) arise iz many contexts, perhaps the most common
being quadratic programming. A solution of a semi-definite program:

min ch + ,%- xTDx

“ (2}
subject to Ax >0, x>0

xer be obtained by 3olving for a Kuhn-Tucker point:

[ %2

1]
+

(3)

xTu + yTv =9

X, ¥ u,Vv 2 0

By means of the obvious correspondence

u [x ¢ D -AT
W= y 2z = y q-= , M= , (&)
ISR M EOE (N PSS D

we have a problem of type (1). Note that if D is positive semi-

definite, so is M. 1In the special csse Miere D is zero the prodlem

v

. redacer to a linear jrogram.
Thers are several other ways in which LCP's arise, some
directly and some from equivalent problems. The user is referred to
R.W. Cottle and .B. Dantzig, "Cumplementary Pivot Theocy

of Methematical Programming," Linear Algebra and its Applications
1, 103-125 (1968). ‘
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1.2. lemke's Method

Lemke's method solves prcblems of type (1) when M has certain
properties. Several sufficient conditions are known, but a complete
characterization is not availabie (see Cottle and Dantzig;. Positive
semi-definiteness of M, or the case where M has positive pirincipal
minors, are the best known sufficient conditions and cover & wide class
of prchlenc.

In outline, Lemke's method, as implemented in LCi’L, appends a

dumay coiumn and variable “o problem (1):
Ww=q+ M+ el (5)

vhee e has +Ll's on those rows whera 9y is negative ior on all rows).
{ is then yivoted immediately into tve basis to make all the basic (w)
variatles non-negative. This sliminates some w., say wp, from the
basis and leads to a non-issztive solution which is compiementary for
all but one pair. The complement of wp, that is zp, is then intrcduced
into the basis leading to a new"almost complementary” solution. This

is continued until either [ 1lesves the basis or becomes zero, or an
unbounded ray is encountered when sitempting to introduce a wvariable

irto tue bagis (again see Cottle and Dantzig).

1.5. Implementation

Internally ICPL ctores the problem in the form

Ivn - Mz -el =¢q
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that is with coeffirient matrix 1[I, ~¥, -ei. Only the non-zero
coefficienis are stored in packed form. The veutor e is constructed
irternally from the sign pattern of the given q for the problem

(an optional parameter sctting allows e to be a full column of + 1's

if desired)-

The basis inverse is maintained in standard product form, but
uses an LU decomposition at INVERT time when a new inverse representation

is computed. The inversion frequercy is controlled by a parametar.

1.k, Recovery Procedure.

If a problem is ill-conditioned or some tolerances hiave been
set to unsuitable values it is numerically possible for the algorithm
to produce two error conditions: the bas!2 .,,olution becomes infeasible,
that is contains a negative volue,or the "basis" may be detected to
be singular by INVERT. 1In either of these cases the fol.owing recovery
procedure is carried out:

1) A nonsingular complementary basis B, containing as wmaay
colum.s of M in common with the 0ld basis as possible, is
constructed (the e column i3 always removed).

(2) A transformed problem iz {(notationally) constiucted
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where ¢ =5 q, M = B4 and % anc 7 area cokplementary
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permutation of the original w and 2. Because of the construction
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of B this is a principal transform of the orig.nai proklem.
Such a transform preserves colvability by Lerike's methed .f the
original M is positive semi-definite or has pcsitive principal
minors.

3) A new column e 18 added which has a +1 on every row where

ol ]

is negative. The transforued augmented problem:
w=aq+ Mz + el

is started in the same way as the original problem. {(Hote: Since

the code keeps the original M and q throughout we wish to keep
s representation of e in texms of the original wnit basis. This

is immediately t- hand as e' = Be which over-writes the original e).

1.5. Quadratic Programming Objective

Throughout the algorithm LCPL prints out the value of {
("DUMMY 2") at each iteration. If the problem derives from a quadratic
program, set up as in (3), the user may specify the dimension of D
{by the perameter NQUAD) and the value of olx + %xTDx will be computed
and printed on completion. In this case it is also unnecessary to

supply *he column3 of -AT.
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2. PROGRAM INFUT

2.C. Introduction.

There are two parts to program input; the parameter list and
the probiem input. The parameters and their input is described in
Section 2.1. The matrix M and g are input in a very slightly
modified "MPS format" as used in linear programming. 1In addition we

may specify a starting basis as specified in Section 2.3.

2.1, Parameters
Parameters are changed from their default value for each

problem by means of a FORTRAN "NAMELIST" input rrom the card reader.
The first card must start with &PARAM in column 2 or laters each

card mst begin with a blank,and the list must be terminated by &END.

Examples.

cols
123

& A R A M NQUAD=6k, IFSCAL=l, &END
&PARAM AEND

The first exsmple specifies that the problom is &« quadratic program
in the ?irst 6i variables and calls for scaling of M. The second

exsmple leaves all parameters at their default values.

(= 3

%

&
=

2

g
=
Y
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&=
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We group the parameters inio the following groups:

Run Control:

i
“
;;
=

YTRLIM (default = 99999)

Maximwn number of iterations for this run of this proltlem.

INVFRQ (default = 30!}
Inversion freguency
ITCH (default = INVFRQ)

Iteration frequency for checking the relative error in the
current basic solution. Defaulted to do so just tzfore normal

inversion. (INVERT automatically carries out this check
after inversion.)

IBFRQ (default = 99999)

Iteration frequency for writing the current basis to the
file specified by KOUTB (not done unless KOUTB is specified
to be non-zero). If KOUTB is properly specified the

final basis will be saved regerdless of the value of IBFRQ.

KINP (default = 5)

FORTRAN logical unit number for reading the problem.

W ———
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(default = 1)

Deternines whether to change .he sign of the input matrix M.
With the default setting the user supplies the matrix M and
<M is stored to collect all variables on the left-hand zide

-M then get IFKEG = O

If the user supplies

as in (€).

IFSCAL (defsult = 0)

This perameter is sei tc 1 if the matrix M is to be zcaled.
If scaling is performed the rolution (and guadratic objective
function vaiue) are descaled to give their true values. Usually

scaling will not be reguired.

IFALIE {defautt = 0)
If the parameter is set to 1 the dummy column e will be
constructed with a 1 in every position. Not recommended for

normal use gince this increases the density of the transformations.

KINB (defavlt = 0)

FORTRAN logical unit number for reading a basis. With the
default value of G no basis reading will be attempted.

KINB is greater than 7 the unit is rewound before reeding.

Ir

NQUAD (defauit = 0)
If NQUAL is non-zero the pr-tlem is assumed to be a quadratic program
in the form (2), (3) in Sectiwn 1.1. In this case only the NQUAD

columns of M corresponding to the quadratic variables x
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need ve supplied; the =-A" column Will be constructed from
the las* N UAD rows of the column supplied. If M ic non-
squaers and NGUAD is not correctly specified a fatal error

is genernted. (Se¢e clso output.)

{4y (default = 0)

dith the default sezting all the w and 2z variables, names
and values,ure printed. If IPUT is set to a non~-zero value
only the basic variables are printed (in sorted order) together

with the row names and the origine”. right hand side 4.

NQUAD (default = 0)

If NQUAD has gsome non-zero value n the first n rows

and columns of M are assumed to be the Hessian of a quadratic
form, as in (2). The value of the guadratic form will be
printed out after the w and =z variable values at solution

time. .See alsc Inpvt above.)

KOUTB (default = 0)

FORTRAN logical unit number for writing the basis every IBFRQ
iterations and cn termination. Ko basis is output if KOUTB
is zero. Unit KOUTB is rewound before and after writing

if XGUIB is greater than 7.

4*
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Toulerances:
by,
ZTOLZE (Gefault = 1671)
Zero tolerance for testing feasibility. Basic variables are

non-negative if they are > -ZTOLZE. Complementarity is

declared if < ("DuMMY Z'} < ZTOLZE.

ZTOLPV (defaudt = 10‘6)

Absolute pivot tolerance.

ZTOLRP (default = 10°°)

Relative pivot tolerance while iterating. A pivot is accepted
if its absolute value is greater than the largest absolute
value in the updated column multiplied by ZTOLRP. If this

test fails INVERT is called and the same variable is considered
again. If the chosen pivot element still fails the test it

is accepted. Note that if ZTOLRP is large this could lead

to inverting at every iteration. If ZTOLRP is too small the

test becomes ineffective.

ZTETA (default = 10°12)
Tolerance un the absolute value of transformation elements.

Larger values may give sparser transformations but at great

cost to accuracy and stability.

ZTOLDA (default = 10™')
Tolerance on the absolute value of entries in the matrix M.

Any value smaller than this is disregarded.

10
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2.2. Problem Input

The M and q defining the problem are read from unit KINP

in slightly modified "MPS fcrmat." The card images required are:

NAME Card

This has "NAME" in columns 1 to 4 and the (up to 8 characters)

e

problem name in columns 15-22. This card is optional but highly

desirable (particularly for checking against basis names ).

ROWS Card

reeprmEpaveTre Ty PRI L Y S

Has "ROWS" in columns 1l-k4.

Row Names

Each row is assigned a (unique) name of up to 8 characters, one ]
per card, in columns $-12. Embedded blanks are allowed (unlike MPS). ,
Note that there are no row types as in MPS and that any supplied will !

be ignored. Column 1 must be blank. ;

COLUMNS Card

Has "COLUMNS" in colwmns 1-7.

Matrix Element

The non-zero elements of M are supplied by column. All the

T e e N

Jr

elements of a column must be together. Each column is assigned a

v

(unique) name up to eight characters. The format is:

¥

“*-‘:Wﬁ%ﬂt»t HANER AN

)
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cols 1 -4 5 - 12 15 - 22 25 - 36 Lo - 47 50 - 61

blank column row element second gecond
name name value row element
name value

(optional) (optional)

Again embedded blanks are allowed in column names.

RHS Card

Has "RHS" in columns 1 - 3.

Right Hand Side Elements

The right hand side vector (q) may be given a name, which
should be different fram any row or column name. The elements are given
in the same format as the matrix elements. Note that only one right
hand side may be supplied. If an attempt is wade to input more than

one, the non-zeros fromlater right hand sides will over-write the

earlier values.
ENDATA Card

Has "ENDATA" in columns 1 - 6.
Sample input is shown in section k.1.

It is important to note that the "w" variables are assigned
the row names of M, and the "z" variabies the column names. Th. Zussy

column e is assigned the name "DUMMY 2", as is the dummy variable °.

a»u
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2.%. Basis Input
A complementary, or almost complementary, basis may be supplied

i

is basic,the name of zy is given, otherwise wi is assumed basie. If

from unit KINB. For each complementary pair (vuri 32 1), where the 2z

¢ ("DumMy Z") is basic the name of the w, variable in the non-comgle-

i
mentary pair it replaces is given. The required cards and formats are:

HAME Card
Has "NAME" in columns 1 - 4 and the basis name in columns 15 - 22.
If this name does not agree with the problem name, or the name card

is missing, a warning is given.

Basis Cards

For tasic columns of M the column names are given (one per
card) in columns 5 - 12. If ! is basic there must be a card with
"DUMMY Z" in columns 5 - 12 and a row name in columns 15 -22. This

row name is the name of the w variable { replaces in the basis.

ENDATA Card

Has "ENDATA" in columns 1 - A.

Note that if the basis supplied is singular or infeasible
the program will enter the recovery procedure ("RECOVR"). If naming
errors are encountered in reading the basis the program will start with
the partial basis found (which will almost certainly trigger a call to
RECOVR).

13
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2.4, Problem Size

The standard version of ICPL is dimensioned to handle problems
of vp to 350 rows, with up to 400C non-zero matrix elements in
(1,-M,-e]. Up tec 800C ets (transformation) elements are sllowed for.
If these dimensions are inadequate the program must be changed (see the

ICPL programmer's guide).

2.5. Multiple Problems

Any number of problems (each preceded by parameter cards) may
be solved in sequence. Note that all parameters are reset to default

values before each new set of parameters and - -oblem is read.

1k
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. PROGRAM OUTPUT

3.0. Introduction

We may divide the program output into three categories. Standard
problem description, inversion statistics, the iteration log and
solution print are described in Section 3.1. Program messages and
diagnostice are described in Section 3.2. The output format
for a basis written on unit KOUTB is exactly the same as for basis output

48 described in Section 2.3.

3.1. 3tandard Output

First the values of all the user parameters are written in

XAMELIST format for checking.

{a) Input Information: This includes the problem name and its statistics

-number of rows, mmber of columns of M supplied, number of non-zero
¥ elements and density. The number of non-zero (unit) elements in
the dummy column e constructed is also given. See Section U for

examples.

(b) Inversion Stetistics: Thece include number of non-zeros in the basis,

structural columns in the basis, the number of non-zeros in the L
and U factors and the totals. The estimated relative srror in
the solution for the new irverse is alsc given (if this error is greater -

thas 10°0 the inversion will be repeated with tighter tolerances).

15
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(c) 1Iteration Log: Gives for each iteration:

ITCOUNT = iteration number
A almost complementary
STATUS = C complementary
U unbounded almost complementary ray |
DUMMY Z = value of the "dummy variable" (
VECIN = name of column entering basis
VECOUNT = name of column leaving basis
NETA = number of etas in the eta file
NELEM = number of elements in the eta file.

(@) Solution Print-Out: The standard option glves the names and values

of all the "w" and "z" variables. If "DUMMY Z" is basic its value
is printed after the "z" variables.

If IHUT = 1 only the basic variables are printed (in sorted
order) together with the row names and the original q vslues.

If NQUAD is set c'x + 2 x'Dx will be evaluated (see (2) in

Section 1.1) and the nessage

QUADRATIC OBJECTIVE FUNCTION VALUE = xxxix.xxx

is printed.

See the sample run output for examples.

16




3.2. Progrsm Mess-.ges and Dingnostics

The following informative messages m=2. be printed, depending

on peraweter settings, prcalem status, etc.

Input
SPLIT VECTCP 'name!

A column wi-h the same 'name' was encounterea -arlier. The input

deck is probably corrupted. Input continues nowever.

NO MATCH FOR RJW™ 'rowname' AT COUMN ‘colr..re!
Colurm 'colname! contains a nonzero o an unidentifiable row
'rowname'. Check alignmen:t of row names in rows and columns sections.

This is a fatal error.

NUMBER OF MATRIX ELEMENTS 'number' EXCEEDS NAMAX-ABORT
The program dimensions for A(*) and IA(*) must be increased
to sclve the problem. Fatal error. Standard NAMA.' is LOCO. Message can

alfo occur in RECOVR.

MATRIX NOT SQUARE AND NQUAD INCORRECTLY SPECIFIED-PROBLEM ABANDONED.
The number of structural columns supplied ig not equal to
either NROW or the specified value of NQUAD. M cannot therefore be

properly constructed to be square. Fatal error.

17
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NQUAD COLUMIS ONLY SUPPLIED-WILL ATTEMPT TO FORM 'number' EXTRA COLUMNS

OF CONSTRAINT MATRIX TRANSPGSE
The problem is assumed to “e a quadratic program of form (2)

as in Section l.1i. The columns of AT are given the same names as the rows of A.

TRANSPOSE COLUMNS ADDED TO MATRIX

-7

added to make !4 square.
)

EMPTY RgA ‘row no.' ENCOUNTERED-ABANDONING PROBLEM
An empty row (number 'row no.') has been encountered in trying

to construct -A. Fmpty columns are not allowed., Fatal error.

MATRIX SCALING CALLED FOR
IFSCAL was set equal to a non-zero value and M will be scaled.

INITIAL SUM OF SQUARES OF EXPONENTS = 'number’
Initial atatus of matrix before scaling by exponent.

NEW SUM OF SQUARES OF EXPONENTS = ‘number’.

Status of matrix after scaling. All scaling iz done cn

expcnents only, and hence scaling factors are powers of 15. If the matrix

was well scaled to begin with, the new sum of squares mgy be larger

than the old.
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SINGULIAR M MATRIX-NO SCALING PERFORMED
The scaling routine detected & zero row or column. The run

will continue but normal termination is unlikely.

DUMMY COLUMN WITH ‘number*' ELEMENTS CONSTRUCTED
There are negative elements in the g vector and a dummy

column has been constructed for "DUMMY Z".

PROBLEM HAS TRIVJAL SOLUTION
Either g is non-negative or the given startiug basis viel’s
a feagible complementary solution. lNo dummy column is ¢ .ugtructed

and ti.c solution is printed out.

# STARTING BASIS WILL BE READ FROM FIIE 'number'.

KINB was specified to be 'number’

BASIS GIVEN NOT FEASIBLE, WILL ENTER RECOVR

The given basis (ccmplementu'y or almost complementary) is
infeasible. The recovery routine is called tc¢ construct a new basis

and dummy column.

WARNING - BAUTS NAME CARD MISSING '

1

T T

}

i
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H WARNING-BASTS HAS NAME ‘name'-DIFFERENT FROM PROBLEM

Warning messages on reading a basis. May not be the correct

basis for the problem. Run continues.

NO MATCH FOR VECTOR
The tasis file has a vector name not found in the problem.
Vector ignored and run continues. Will almost certainly yield singular

or infeagihle basis and a call to the recovery routine.

NO MATCH FOR ROW 'rownam' TO SWAP WITH DUMMY Z
The row name ‘rownam' cannot be found vhen reading the basis
and the "DUMMY Z" variable is not put in the basis.

The run will continue.

SPURIOUS CARD IN BASIS FILE-'text'-ABORT

An unrecognizable card in the basis file - fatal error.

ERROR IN TRYING TO READ BASIS FROM FILE 'number’-CHECK JCL AND PARAMYLTERS-
RUX ABORTED

A FORTRAN read error has occurred trying to reed file KINB.
Fatal error..

Run Time Messages

v T
«‘.,,"’ W kg

FEAS LOSBT OK ROW 'row no." VAR ‘variable name' = ‘value!

A loss of feasibility is detected when attempting to choose

a pivot row. Csll to RECOVR is triggered.

20
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é& MATRIX SINGULAR-VECTOR ‘colmn name' REMOVED

. INVERT has detected a singulerity. See below.

INVERT FAILS. WILL ATTEMPT TO RECGVR

One or more singularities were detected by INVERT. A call to

a3

RECOVE is triggeredq.

INSUFFICIENT ETA SPACE TO INVERT-RUN ABANDONED

INCREASE ETA SPACE AND NEMAX
The arrays IE(°) and E(:) in the program must be increased

L from their current dimension (standard value is NEMAX = 8000).
REIATIVE ERROR IN X = 'value'
Error ronitoring message given every ITCH iterations (standard)

is just before INVERT)

ITERATION LIMIT EXCEEDED

ITRLIM iterations have been performed. End of run.

BASIS WRITTEN ON FILE 'number' at ITERATION 'number’

The basgis has been written on file KOUTB.

2l
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NONCOMPLEMENTARY PAIR NOT DEFINED, BUT DUMMY Z IN BASIS, UNRESOLVABLE

ERROR-NO BASIS SAVED.

The solution is supposedly complementary but DUMMY Z is basic.

Highly unlikely unless program corrupted.

Recovery Foutine

FATAL ERROR-‘*number' BASIC VECTORS
The problem does not have NROW basic vectors. Probably due to

corrupted program or split vectors.

)
* ’

RECOVERY FAILS-CANNOT FIND COMPLEMENTARY BASIS

Probably due to split vectors.

————r

COMPIEMENTARY BASIS FOUND

RECOVR has found a new complementary basis.

FEAS COMP BASIS ARRIVED AT IN RECOVR

RECOVR has (fortuitously) found the complementary basis it

has constructed to be feas‘uie. Problem solved.

NEW DUMMY COLUMN CONSTRUCTED

RECOVR has constructed a new dummy column and determined a

r.)

pivot row which will give a feasidble almost complementary solution.
Returns to normal algorithm.
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b, SAMPLE RUNS

L., Trcblem Descripnions

Assume the user wighes t»o mmive the follawing qualratic proramming

problers:
1) min X; s.4. 21] + 5!/ < ), 2X1 v ox, < h, xl' X, = 0 ,
a2 2 2 e
2) min 2x) 4 Dxpx, b 2%, ?xlxj 'y dx1 6x2 g
s.t xl + x2 + 2){5 S 3) x1, x2) Xj ?_0 »
1.2 12
3) min 3 X; - XX, 4 5 X, - Xy s.t. Xy 5%, >0 .

First the user must formulate these as linear complementarity problems:

tl ¢ 9] el ¢ '1.1 0

w 0 0 3 1 z 0
1) 2 1- 2 +

L -2 '} 0 0 2z 6

2 3 \

", | -2 -1 0 0 i z), L

" ", 2 ? 1 T 2

J 2 L 0 1 z -6
2) 2y 2 1,

'5 2 0 2 2 23 -4

v 1 -1 z -1

2 -1 1 z, 0

and put them in suitable MPS-type format as follows.
23

‘1
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b.1. Program Input

SFARAM HOUAD=2 ,%END

HAME TESTI
EQMWS
W1
W2
M3
W4
COLUMHS
21 b1 2.0 W3 -2.0
21 iy -2.0
22 W3 -3.0 bk -t.0
23 031 2.0 W2 2.0
24 W1 2.0 W2 1.0
| RHS
: RH3 W3 5.0 WY 4.0
ENORTR
“FARAM HRIURD=2 ,%END
g . NAME TEST2
: : ROWS
: Wi
- z “2
S W3
J W4
| . COLUMNS
! . 21 W1 4.0 W2 2.0
‘ ’ 21 W3 2.0 WY ~-1.0
' , 22 W1 2.0 Wz 4.0
| ] 22 WY -1.0
; 22 Wi 2.0 W2 2.0
: 23 W4 -2.0
' 24 W1 1.0 W2 1.0
24 W3 2.0
) RHS
% RHS W1 -3.0 W2 -6.U
i ; RHS W3 -4.0 WY 3.0
; : EHDATA
! ZPRARAM HOUAD=2 . XEND
i . MHAME TEST3
; . ROWS
: W1
o W2
COLUMNS
¢ 21 W1 1.0 W2 -1.0
¥ 22 W1 -1.0 W2 1.0
3 RHS
2 RHS W1 -1.0 W2 0.0
3 ENDATA
oh
%;%;
E
|
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4.3. Use of the KQUAD Input Option

To illustrate use of the NGUAD input option for quadratic programs
we reconsider problermt TESTZ from Lhe previous section. This is a QP in
three variables with only one constraint. 1In Section k.l the problem
is set up to include the entire M matrix including the -ﬁT column
from the constraint transpose. Below we enter only the first three
columns of . The fourth column is constructed internally and given
the name "W4". This naming can cause some slight confusion in the

iteration log, but it seems reasonable to name thesz dusl variables

after the rows to which they correspond.

Input Deck:
ZPRRAM HOUARD=2,2END
HAME TEST2
FOWS
Wi
W2
W3
W4
COLUMNS
21 W1 4.0 W2 2.0
21 W3 2.0 kY -1.0
22 W1 2.0 2 4.0
22 WY -1.0
23 W1 2.0 W2 2.0
23 MY ~2.0
RHS
RHS W1 -2.0 W2 -6.0
RHS W3 -%.0 W4 3.0
ENDATH

3
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